BOUNDEDNESS OF PROJECTION OPERATORS AND CESARO 
MEANS IN WEIGHTED L'P SPACE ON THE UNIT SPHERE 
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Abstract. For the weight function fj-ii l^il 2 "* on the unit sphere, sharp 
local estimates of the orthogonal projection operators are obtained and used 
to prove the convergence of the Cesaro (C, 5) means in the weighted L p space 
for S below the critical index. Similar results are also proved for corresponding 
weight functions on the unit ball and on the simplex. 



1. Introduction 

For spherical harmonic expansions on the unit sphere S d :— {(xi, • • • ,Xd+i) '■ 
[x\ + ■ ■ ■ + xjL-i) 5 = 1} of R d+1 , it is well known that their Cesaro (C, 8) means 
are uniformly bounded in L p norm for aU 1 < p < oo if and only if 5 > ^ (0]). 
For S below the critical index C. Sogge [2] proved a much deeper result that 
the (C, (5) means are uniformly bounded on L p (S d ) if 

(1.1) II - |l > 5TT and <5>5(p):=max{d|i-i|-i,0} 

for d > 2 and, moreover, the condition |l/2 — l/p\ > l/(d + 1) is not needed in 
the case of d = 2. The condition 8 > 8(p) is also known to be necessary ([5]). 
Later in [TS], Sogge proved that the condition (jl.ip ensures the boundededness of 
the Riesz means of eigenfunction expansions associated to the second order elliptic 
differential operators on compact connected C°° manifolds of dimension d. 

The purpose of the present paper is to establish analogous results for the Cesaro 
means of orthogonal expansions associated with the weight function h 2 K {x), where 

d+l 

(1.2) h K (x) := TT \xi\ K ', k :=(«!,-•• ,K d +i), min m > 0, 

l<i<rf+l 

i—1 

on the unit sphere S , as well as for orthogonal expansions for related weight 
functions (see (|2.6p and (|2.12p below) on the unit ball and on the simplex. 

The function h K in (|1.2p is invariant under the group and it is the simplest 
example of weight functions invariant under reflection groups studied first by Dunkl 
0. Homogeneous polynomials that are orthogonal with respect to hf. on S d are 
called ^.-harmonics and their restrictions on S d are eigenfunctions of a second order 
differential-difference operator, which plays the role of the ordinary Laplacian. For 
the theory of ^.-harmonics, we refer to ;lDj and the references therein. A brief 
account of what is needed in this paper is given in the following section. 
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The convergence of /i-harmonic expansions has been studied recently. In [19] it 
was proved that Cesaro (C, 6) means converge uniformly if 5 > \k\ + where 
| Ac] = K± + . . . + Kd+ii an d such a result holds for all other weight functions invariant 
under reflection groups. In the case of h K in (|1.2p the critical index for the (C, 6) 
means in the uniform norm turned out to be 

(1.3) 5 > a K := £zk + | K | - m in 

l<i<d+l 

Our main result in this paper, (see Theorem l3.1l in Section 3), shows that for h K in 
(|1.2p . the (C, 5) means of /i-harmonic expansions converge in the L p {h 2 K ;S d ) norm 
if 

( L4 ) \l-l\> 2^+2 and ^>^(p):-max{(2 ( 7 K + l)|i-i|-i,0} 

and that the condition 8 > S K (p) is also necessary. Note that (11.41) agrees with (II. ip 
when k — 0, while S K (j>) > 6{p) when k > 0. 

The reason that these sharp results can be established for h K in Q1.2p lies in 
an explicit formula for the kernel P n (h? K ; •, •) of the orthogonal projection operator 
(definition in the next section), while no explicit formula for the kernel is known 
for other reflection invariant weight functions. For (|1.2p . we have 

4- a r d+1 

(1.5) P n (hl;x,y) = c K 1 ^-^ (u(x,y,t))l[(l + U)(l - t^dt, 
where is the Gegenbauer polynomial of degree n, 

(1.6) X k :=^ + \k\, and u(x,y,t) = x^ih + . . . + x d+1 y d+1 t d+1 , 

and c K is the normalization constant of the weig ht function ni = i( 1 + ^)( 1 - i ?) K,_1 - 
If some Ki = 0, then the formula holds under the limit relation 

lim c A / <?(i)(l + f)(l - tf- l dt = g{l). 

For the spherical harmonic expansions, this kernel is the familiar P n (x,y) := 
Ii ^C^((x, y)) with A = ==1 (cf. [16]), which is also called a zonal harmonic. 

The simple structure of the zonal harmonics means that one can derive various 
properties and estimates relatively easily. The structure of the kernel P n (h 2 ;x,y) 
in (|1.5p is far more complicated, making derive information from it more difficult. 
There is, however, a deeper reason that the study of /i-harmonic expansion is more 
difficult than that of ordinary spherical harmonic. The zonal harmonics are invari- 
ant under the rotation group 0(d + 1) in the sense that P n {x,y) = P n (xg,yg) for 
all g G 0(d + 1), which reflects the fact that the sphere is a homogeneous space. 
The P n (h 2 K ;x, y) in (|1.5p is invariant under Z d+1 , a subgroup of 0(d + 1), and we 
are in fact working with a weighted sphere that has singularity on the largest cir- 
cles of the coordinate planes. In particular, we can no longer treat the sphere as a 
homogeneous space and many of our estimates of various kernels have to be local, 
depending on the location of the points. 

The difficulty manifests acutely in the study of the L p boundedness of Cesaro 
means of /i-harmonic expansions. For the ordinary spherical harmonics, the proof 
of Sogge [14] relies on the sharp asymptotic bounds for the (L p , L 2 ) norms of the or- 
thogonal projection operators, and a result of Bonami-Clerc {3] , which says that the 
sharp results for Cesaro summation on L p can be deduced from these asymptotic 
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estimates of orthogonal projections. ( See also Sogge [T5| for the case of general 
compact manifolds.) For our study, while we can obtain global sharp asymptotic 
bounds for the L p (h^; S d ) — > L 2 (h 2 K \ S ) norms of the orthogonal projection oper- 
ators of /i-harmonic expansions (see Theorem 13.31 in Section 3) , which are in full 
analogy with those of Sogge [14j for ordinary spherical harmonics, seemingly, these 
global estimates are not enough for the proof of the uniform boundedness of Cesaro 
means on weighted LP . In order to obtain our main result on the boundedness of 
Cesaro means, we have to replace the norm of the orthogonal projection operator 
by a local estimate of the projection operator over a spherical cap. (See Theorem 
13.41 in Section 3.) The latter local result is substantially more difficult to establish, 
since only a part of the proof can follow Sogge's strategy based on Stein's theorem 
on analytic interpolation and the rest has to rely on sharp pointwise local estimate 
of the kernels. 

Analogues of our main results also hold for orthogonal expansions on the unit 
ball and on the simplex for weight functions related to h 2 K , including in particular 
the Lebesgue measure (see Section 2). In fact, they follow more or less from the 
results for /i-harmonics. In particular, the same condition (|1.3|l guarantees the 
convergence of the Cesaro means in the corresponding weighted L p space. 

The paper is organized as follows: The next section contains preliminary, the 
main results are stated and discussed in Section 3. The local estimate of the projec- 
tion operator is studied in Section 4. The proof of the main result for the projection 
operators on the sphere is given in Section 5, while the proof of the main result for 
the Cesaro means on the sphere is presented in Section 6. Finally, the results on 
the ball and on the simplex are proved in Section 7. 

2. Preliminary 

2.1. /i-spherical harmonics. We restrict our discussion to h K in (|1.2p . Unless 
otherwise stated, the main reference for the material in this section is |10j . An 
/i-harmonic is a homogeneous polynomial P that satisfies the equation A^P = 0, 
where A h := V 2 + . . . + V 2 d+1 and 

V t f(x) := dif(x) + Ki f{x) - f(X - 2Xl6l) , l<i<d + l, 

Xi 

ei, • • • , ed+i denote the usual coordinate vectors in The differential-difference 

operators T>\, .. . ,T>d+i are the Dunkl operators, which commute. An /i-harmonic 
is an orthogonal polynomial with respect to the weight function h 2 K (x) on S d . Its 
restriction on the sphere is called a spherical /i-harmonic. Let H d {h 2 K ) denote the 
space of spherical /i-harmonics of degree n on S d . It is known that dimH d {h 2 K ) = 
( n+ n +1 ) - ("n-2 1 )- The Hilbert space theory shows that 

L 2 (h 2 ;S d ) =Y^H d n [hl) : / = f>oj n (/4;/), 

where proj n (h 2 ) : L 2 (h 2 ;S d ) t-y H d (h 2 ) is the projection operator, which can be 
written as an integral operator 

pmj n (hl;f,x) = a K f{y)P n {h 2 K -x,y)h 2 K {y)duj{ y ), x G S d , 
Js d 
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where du>(y) denotes the usual Lebesgue measure on S , a K is the normalization 
constant, a^ 1 = J sd h\(y)duj{y) and P n (h^) is the reproducing kernel of H^h^.). 
The kernel satisfies an explicit formula 

(2.1) P n (hl;x,y) = [ C n°({;y))] (*), K = ^ + H 

where C„ is the Gegenbauer polynomial of degree n and V K is the so-called inter- 
twining operator defined by 

p d+l 

(2.2) V K f(x)=c K f(x 1 t 1 ,...,x d+1 t d+1 )T\(l+t i )(l-t?) Ri - 1 dt, 

■/[-i,i]<*+i f=i 

in which c K is a constant such that V K 1 = 1. If some Kj = 0, then the formula holds 
under the limit relation 

lim c A / g(t)(l + i)(l - t)*" 1 * = <?(1). 



Clearly (|2.1[) is the same as (|1.5p . The operator V K is called an intertwining operator 
since it satisfies T>jV K = V K dj , 1 < j < d+ 1. 

Let w>a(*) := (1 — i 2 )-^- 1 / 2 on [—1,1]. The Gegenbauer polynomials are or- 
thogonal with respect to w\. The intertwining operator can be used to define a 
convolution / * K g for / G L l {hl; S d ) and g G L 1 (w Xk ; [-1, 1]) ([2D]) 

(2.3) f* K g(x):=a K [ f(y)VM(*>WvK{v)Mv)- 

Js d 

In particular, the projection operator proj n (/i 2 ; /) can be written as 

(2.4) projM; f) = f**ZZ, where Z^t) := ^±^C^ [t). 

This convolution satisfies the usual Young's inequality (see [2DJ p. 6, Proposition 
2.2]). For k — 0, V K = id, it becomes the classical convolution on the sphere ([S]). 
For / G L l (h 2 K ; S d ), we also have ([2D]) 

(2.5) proM; f*«9) = bx H C ^ A (C ° Sg) ff(cosg)(sin0) 2A -^ proj„(^;/), 

Jo O n "(l) 

where 6a k is the normalization constant of w\ K (t) on [—1,1]. 

For 5 > — 1, the Cesaro (C, (5) means of the /i-harmonic expansion is defined by 



S s n (h 2 K ; /, x) := (Ai)- 1 J2 A i-j WoiM' /. *)> 
The operator S^hf.) can be written as a convolution, 



n — j + S 
n-j 



S 5 n (hl;f) = f* K Ki(w x J, Ki(w K ;t) := (4)" 1 £ 

Let Kf l [h^.;x, y) denote the kernel of S^(h^.); then 

K 5 n (hl;x,y) = V K [K n (w XK ;(x,-))} (y). 
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2.2. Orthogonal expansions on the unit ball. We denote the usual Euclidean 
norm of x = (xi, • • • , xj) £ K d by ||a;|| := (x\ + ■ ■ ■ + x 2 /) 5 - The weight functions 
we consider on the unit ball B d = {a;:||a;||<l}cK <i are defined by 



(2.6) W^{x):=\{\x^{l~\\x\\ 2 T^- 1 l\ Kl >0, x £ B d 

i=l 



which is related to the h K in (T2J) by h 2 K (x, y/l - ||x|| 2 ) = W®{x)/^/T^ 
which — \\x\\ 2 comes from the Jacobian of changing variables 



(2.7) <j>:x£B d ^(x, Vl-IMI 2 ) G S+ := {y £ S d : y d +i > 0}. 
Furthermore, under the above changing variables, we have 

(2.8) / g{y)du{y)=( \g(x, v^W) + gfo 'V^W )] Tr^W 

The orthogonal structure is preserved under the mapping (|2.7[) and the study of 
orthogonal expansions for Wjf can be essentially reduced to that of ft. 2 .. In fact, let 
V d {W^) denote the space of orthogonal polynomials of degree n with respect to Wjf 
on B d . The orthogonal projection, proj n (W,f; /), of / £ L 2 (W^;B d ) onto V^(Wf ) 
can be expressed in terms of the orthogonal projection of F(x,Xd+i) '■= f(x) onto 



(2.9) pro3 n (W?;f,x) = proj„(ft 2 ; F, X), with X := (x, y/l - ||x|| 2 ). 

This relation allows us to deduce results on the convergence of orthogonal expan- 
sions with respect to from that of ft-harmonic expansions. 
For d = 1 the weight W£ m (|2.6p becomes the weight function 

(2.10) w K2tKl (t) = |t| 2Kl (i-t 2 ) K2_1/2 , «<>Q, te[-i,i], 

whose corresponding orthogonal polynomials, C^" 1 , are called generalized Gegen- 
bauer polynomials, and they can be expressed in terms of Jacobi polynomials, 

c£"°(*) = f±^kp(*-v^-v 2 ) (2 ^ - 1), 

(2.11) r: 2 n 

where (<z)„ = a(a + 1) • • • (a + n — 1). 

2.3. Orthogonal expansions on the simplex. The weight functions we consider 
on the simplex T d = {x : x\ > 0, . . . , Xd > 0, 1 — \x\ > 0} are defined by 

d 

(2.12) W^(x):=Y[x^- 1/2 (l-\x\r^^ 2 , Kl >0, 

i=l 

where \x\ := x% H H £d- They are related to Wjf , hence to ft 2 . In fact, Wj is 

exactly the product of the weight function Wf? under the mapping 

(2.13) $ : {xx , . . . , x d ) £ T d h- (x 2 , . . . , x 2 ) £ B d 
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and the Jacobian of this change of variables. Furthermore, the change of variables 
shows 

(2.14) f g{x\, . . . ,x 2 d )dx = [ g(xi,...,x d ) 



/ B d JT d V 3 ' 1 ' ' ' Xd 

The orthogonal structure is preserved under the mapping (|2. 13[) . Let V^(Wj) 
denote the space of orthogonal polynomials of degree n with respect to on T d . 
Then R S V^(Wj) if and only if Rotp g V$ n (W£). The orthogonal projection, 
proj n (Wj; /), of / G L 2 (Wj;T d ) onto V^(VFj) can be expressed in terms of the 
orthogonal projection of / o ip onto V d n {Wl?): 

(2.15) (projjVFj; /) o j>) (x) = A £ proj 2n (W^f; / o V,*e), 

The fact that proj n (W / J) of degree n is related to proj 2n (W,f) of degree 2n suggests 
that some properties of the orthogonal expansions on B d cannot be transformed 
directly to those on T d . We will also need the explicit formula for the kernel, 
P n (W^;x,y), of proj„(W / J; /), which can be derived from (12. ip and the quadratic 
transform between Gegenbauer and Jacobi polynomials, 



(2.16) P n (W*;x,y) 



(2n + A K )r(i)r(n + A fe ) 



r(A K + i)i> + i) 

f pV*-i-l) ( 2z(x?2/; t) 2 _ x) TT (1 _ tf r -i dt7 

J\-l,l] d + 1 £_i 



where z(x,y,t) = y/xjyl t\ + . . . + ^x d y d t d + yfl - \x\yj\ - \y\ t d +i. 

We will also denote the Cesaro means for orthogonal expansions with respect to 
a weight function W as 5* (W; /) and denote their kernel as K^(W; x, y), where W 
is either Wj? or Wj. 

2.4. Some estimates. Throughout this paper we denote by c a generic constant 
that may depend on fixed parameters such as k, d and p, whose value may change 
from line to line. Furthermore we write A ~ B if A > cB and B > cA. 

Let d(x,y) := arccos(x,y) denote the geodesic distance of x, y £ S d . For < 
9 < it, the set 

c(x, 9) := {y € S d : d(x, y) < 9} = {y e S d : (x, y) > cos 9} 

is called the spherical cap centered at x with radius 9. It is shown in [7] that h K is 
a doubling weight and, furthermore, the following estimate holds: 

Lemma 2.1. For < 9 < tt and x = (x\, • • • , Xd+i) € S , 

~ d+1 

(2.17) / hl(y)My)-0 d l[(\x 3 \+9)^, 

where the constant of equivalence depends only on d and n. 

We refer to the remarkable paper [TJj of Mastroianni and Totik for various poly- 
nomial inequalities with doubling weights. 

The Jacobi polynomials Pn are orthogonal with respect to the weight 

w (a ^\t) := {\-t) a {\+tf, te [-1,1]. 

We will need the following estimate from [TTl p. 169]: 
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Lemma 2.2. For a > (3 and t 6 [0, 1], 

(2.18) l^ a,/3) (*)l < cti" 1/2 (1 - t + n- 2 )-( Q+1 /2)/2. 

T/ie estimate on [-1,0] /o//ows /rom f/ie /act i/mi P^ a,l3) (t) = (-l) n P^ ,a) (-*). 

We will also need the estimate of the L p norm for the Jacobi polynomials ([17, 
p. 391]: for a, /3, /i > —1 and p > 0, 

n-Hogn, p = p^, p a ,„:=^±^. 

_ P a + 2 

ri ^, p<p a ^. 

Recall |k| = m + h k<j+i, V k defined by (|2~2|l and the formula (|2~4ll . The 

following lemma was proved in [5] Theorem 3.1]. 

Lemma 2.3. Assume a > max{/3, |«| — i}. T/ien /or x,y £ S d 

- d+l 

/ Pt'^H^yxh + ... + x d+1 y d+1 t d+1 ) TT(1 + tj-)(l - t 2 )^- 1 ^ 



(2.20) 



'hM] d+1 "i 
< cn 



,- 2 i K i n;ii(i^-y 3 i+^- l p-yii+^ 2 )- Kj 



(1 + n(2(x,y)) Q+ 5H K l 
where and throughout, z — (|^i|, . . . , l^d+il) /or z = (z\, • • • , z d +i) € -S" 1 - 

This lemma plays an essential role in the proof of a sharp pointwise estimate for 
the kernel K^Qi^; /) in [8]. For the present paper we will only need the pointwise 
estimate for P n {h 2 K ;x,y): 

Lemma 2.4. Let x,y € S d . Then 
(2.21) |P„(^;x,y)|< c- llj - lV ' 



n -(d-l)/2(|| £ _ y|| + n -l)(d-l)/2 ' 

The kernel P n iW^) can be derived from (|2.21[) and will not be needed. We will 
need, however, the estimate for the kernel P n (W^), which is also proved in [8]. 

Lemma 2.5. For x = (x%, . . . , x d ) £ T d and y = (yi,..., yd) £ T d , 
,2.2, l P„(^;„),<cnS. 1 (^W + »-'ll«-CII + »- 2 )- 



n -(d-l)/2(||^_^|| +n -l)(d-l)/2 ' 

where £ := {y/x{, . . . , y/x d+1 ), C := (^2/1, • • • , v^' with Xd + l := 1 — 1^1 

and y d +\ := 1 - 

3. Main Results 

3.1. /i-harmonic expansions. For h K defined in (|1.2p . we denote the L p norm of 

W{h%;S*)by \\-\\ K , p , 

i/p 



\\f\U, p := (a K J \m\ p h 2 MMv)) 



for 1 < p < oo and with the usual understanding that it is the uniform norm on S d 
when p — oo . Recall that 

(J K := ^1 + |k| - K min with Kmin— min Kj. 
1 i<i<d+i 
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Our main results on the Cesaro summation of /i-harmonic expansions are the 
following two theorems: 

Theorem 3.1. Suppose that f € L p (h 2 K ; S d ), 1 < p < oo, |± - \\ > and 
(3.1) S >6 K (p) :=max{(2a K + l)|±-±|-±,0}. 

Then S^(/i^; /) converges to / in L v (h 2 K \ S d ) and 

su V \\S 5 n (hl-J)\\ K , p <c\\f\\ K , p . 

nefi 

Theorem 3.2. Assume 1 < p < oo and < S < 5 K {p). Then there exists a 
function / G W(h\; S d ) such that S s n (h 2 K - f) diverges in LP(h 2 K ; S d ). 

For k = 0, h K (x) = 1 and the spherical h- harmonic becomes the ordinary spher- 
ical harmonics. Hence Theorem 13. II is the complete analogue of the Sogge theorem, 
while Theorem 13.21 is the analogue of [3l Theorem 5.2] for spherical harmonics. 

For the projection operator proj„(/i^; /) we have the following theorem which is 
a complete analogue of a theorem due to Sogge [14j for spherical harmonics. 

Theorem 3.3. Let d > 2 and n e N. Then 
(i) Kl<p<^f, 

||proj n (^;/)|| K)2 <cn^W||/|| K , p , 

with Skip) given in \3.1\) : 
(h) for^m < p <2, 

||proj„(^ ; /)|| K)2 < cri ^(|-l)||/|| KiP . 

Furthermore, the estimate (i) is sharp. 

The estimate in (ii) is sharp if k = as shown in [T3] . We expect that it is also 
sharp for k ^ but could not prove it at this moment. For further discussion on 
this point, see Remark l5.1l in Section 5. 

For the spherical harmonics, the above theorem is enough for the proof of the 
boundedness of the Cesaro means. (See [3] and [T5].) For /i-harmonics, however, a 
stronger result is needed since 8 K {p) > 8{p) := max{d|i — || — ^,0}. 

Theorem 3.4. Suppose that 1 < p < 2 °*+2 an< ^ f * s supported in a spherical cap 



c{m,0) with 9 £ (n 1 ,tt] and w € S d . Then 
||proj n (^;/)|| K2 < 



h 2 K {x)duj(x) 



The above theorems on the projection operators will be proved in Section 5 and 
the theorems on Cesaro means will be proved in Section 6. 

3.2. Orthogonal expansions on the ball and on the simplex. Let il d stand 
for either B d or T d and stand for either Wf? or , respectively. We denote 
the LP norm of LP{W^; fl d ) by || • H^n^, 

\\f\\w?, P ■= (a%J \f(y)\PW?(y)d y y P 
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for 1 < p < oo and with the usual understanding that it becomes the uniform norm 
on f2 when p = oo . 

Our main results on the Cesaro summation of orthogonal expansions on B d and 
T d are the following two theorems: 

Theorem 3.5. Suppose that f £ L P (W^; £l d ), 1 <p < oo, || - || > and 

S > 5 K (p) := max{(2a K + l)j| - || - |,0}. 
TTien S£(W^;/) converges to f in LP(W^;Q d ) and 
sup\\S s n (W?;f)\\ w n, p <c\\f\\ 

11EN 

Theorem 3.6. Assume 1 < p < 00 and < S < S K (p). Then there exists a 
function f € LP(W?; Sl d ) such that S 5 n (W?; f) diverges m LP(W?; Sl d ). 

For d = 1 and SI = T 1 = [0,1], these theorems become results for the Jacobi 
polynomial expansions ([5]). For d = 1 and SI = B 1 = [—1, 1], these theorems be- 
come results for the generalized Gegenbauer polynomial expansions with respect to 
w Kl . K2 in (|2.10p , which appear to be new if k\ 7^ while the case k = corresponds 
to Gegenbauer polynomial expansions [21 E]. We state the result as follows: 

Corollary 3.7. Suppose that 1 < p < 00, |~ — || > 2m ax{A,/4+2 and 

5 > S{p) := max{(2max{A,^} + l)|i - \\ - |,0}. 

Then Sf^wx^; f) converges to f in L p (w\ tfl ; [—1, 1]) and 

SU P \\ s l( w \,^ f)\\ 

riGN 

Furthermore, the condition 5 > 5(p) is sharp. 

The result analogous to Theorem 13.31 also holds for the projection operator. 
Theorem 3.8. Let d > 2 and n e N. Then 

(i) forl<p< 2 -^±ll, 

||pro Jn (W re n ;/)|| w n >2 < cn s «W\\f\\ w n iP ; 

(ii) f or ^+ll< p < 2 , 

||proj n (W K n ;/)|| w „ i2 < cn^-^\\f\\ w u. p . 
Furthermore, the estimate in (i) is sharp. 

An analogue of Theorem 13.41 also holds. We state only the one for for which 
we define an distance on T d , 

d T {x, y) := arccos(^/xiyi + . . . + ^x d y c i + \/l - \x\ yl - \y\), 

where \z\ = \zi \ H h \zc[\ for z € R d . The analogue of the spherical cap on T d is 

defined as c T (x,(9) := {y e T d : d T (x,y) < 0}. 

Theorem 3.9. Suppose 1 < p < 2 °*+2 and $ * s su PP or ted in the set ct(x, 6) with 
9 E (n -1 , tt] and a; G T d . J7ien 



proj„(^ K T ;/)|l T , < cn*-W0 s -W + T 



W*(v)dy 

c T (x,9) 



\f\\w£,p- 
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The analogue result for B d holds with ct(x,9) replaced by cb(x,9) defined in 
terms of ds(x, y) := arccos((a;, y) + y/1 — \\x\\ 2 y/l — \\y\\ 2 )- 
These results will be proved in Section 7. 



4. Local estimate of projection operator 



The main effort in the proof of Thereom 13. 4[ giving in the next section, lies in 
proving the following local estimate of the projection operator. 

Theorem 4.1. Let v := 2 ^"_^" 2 2 and v' :— . Let f be a function supported in a 
spherical cap c(va, 9) with 9 £ (n^ 1 , 1 /(8c?)] and w € S . Then 

1-2 



\woini h l'J)Xc{^,e)\\ KU , < cn 



h K (x)dui(x) 



l/lk* 



Here \e denotes the characteristic function of the set E. Note the norm of the 
left hand side is taken over c(w, 9), so that the above estimate is a local one. 

Throughout this section, we shall fix the spherical cap c(ru,9). Without loss of 
generality, we may assume w = • • • , ~oud+i) satisfying \wk\ > 4$ for 1 < k < v 
and |ci7fe| < 40 for v < k < d + 1. Accordingly, we define 

fO, i£v = d + l; 

^ 7 = 7,:= v -f 

Since 9 S (0, l/(8d)] and tu S S d , it follows that 



(4.2) 0<7<|k|- min Ki = a K - 

l<i<d+l 

The proof of Theorem 14.11 consists of two cases, one for 7 < a K — and the 
other for 7 = a K — using different methods. 



d-l 

it; ±: 7 ^. o K — 

be divided into several subsections 



4.1. Proof of Theorem 14.11 case I: 7 < a K — The proof is long and will 



4.1.1. Decomposition of the projection operator. Recall A K — + \k\. Let £0 G 
C°°[0,oo) be such that X[o,i/2](t) < < X[o,i](t), and define (*) := fo(*/ 4 ) " 
£o(i). Evidently supp^i C (1/2,4) and £ (*) + E£U £i( 4 ~ J+1 *) = 1 whenever 
t € [0, 00). Define, for u G [-1,1], 

C„,o(ti) :=^^C r ^)£ (n 2 (l- U 2 )) 

C nj (tt) := ^ ^ ( ^^r^ ) . J = 1, 2, , In, 

where L„ := Ll°g2 n J + 2- By (|2.4|) . proj„(/i 2 ; /) can be decomposed as 

L n 

(4.3) proj n (ft 2 ; /) = ^ ^nj/, where Y n>j f := / * K C nj -. 

By the definition of the convolution, the kernel of Y n j is V K [C n j((x, -))](y)- 
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4.1.2. Estimates of the kernels V K [C n ,j(x, •)] (y) and L°° estimate. 

Definition 4.2. Given n, v S No, and /i £ K, w say a continuous function F : 
[—1,1] — > K- belongs to the class S®(fJ,) if there exist functions Fj , j = 0, 1, ■ • • , v 
on [-1, 1] sucft tfiaf i^C*) = ^(t), t G [-1, 1], < j < v, and 



(4.4) < ? i- 2 ^ (l + ny/l^j 

[lowing well knov 



, tG [-1,1], j = 0, 1, • • • , f. 



By ([2~T5]) and the following well known formula [TTJ (4.21.7)] 
it follows that Cv a Pn^ G f° r a U "£No whenever a > /3. 



(4.5) 



Lemma 4.3. Assume that S = (Si, • • • , <5 m ) G K m satisfying mini< 3 < m <5j > and 
/i G R. Lei _F G 5,"(/i) wii/i v being an integer satisfying v > 2m+y^ J _ 1 + . Let 
£ be a C°° function, supported in [—8, 8] and egwaZ to constant in a neighborhood 
ofO. For p G (n ,4], define 

,2' 



G(«) := F(u)C 



1 - u z 



UG [-1,1]. 



T/ien /or s G [—1, 1] and a = (ai, ■ • • , a m ) G [— 1, l] m satisfying Y^JLi \ a j I + I s ! — 1> 



(4.6) 



+ s ) ri( i - + *j) *j 

L -l.l] m .,*=! j=l 



w/iere |5| = Ej=i 

Proof. Without loss of generality, we may assume that |aj| > n~ 1 p for 1 < j < m, 
since otherwise we can modify the proof by replacing s with 

S + 

{j' : KI<«~M 

Let 770 G C°°(R) be such that %(<) = 1 for \t\ < \ and %(<) = for |i| > 1, 
and let r\ x (t) = 1 - 570(4). Set Bj := ^-j, j = 1, • • • , m. Given e := (e 1; • • • ,e m ) G 
{0, l} m , we define ip e : [— 1, l] m — >■ R by 



^(*) := e 



'i-(e;=i«a+^ 



where t = (ti, ■ ■ ■ , t m ). We then split the integral in (|4.6|) into a finite sum: 

F(j2 a ^ + s )Mt)dt=: ]T J - 
eetu.ij-"' 3=1 £ e{o,i}™ 

Thus, it is sufficient to prove that each term J e in the above sum satisfies the desired 
inequality. By symmetry and Fubini's theorem, we need only to consider the case 
when £! = ■•• = e mi = and e mi +i = ■ • • = s m = 1 for some < mi < m. 
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Let mi and e be fixed as in the last line. Fix [t\, ■ ■ ■ ,t mi ) <= [— 1, l]™ 1 momen- 
tarily, and write si — Sj=i a jtj + s - Define 

/ i-(E™i«^ + ^) 2X ; " 



4>(t) ■= £ 



m-, -4-1 



j=m 1 +l 



Since the support set of each rji (~g~") is a subset of {ij : |tj| < 1 — l-Bj}, we can 
use integration by parts |1| = Y^jL mi +i times to obtain 



F ( Y] ajt + Sl \cj>(t)dt\ 



n 



j=m 1 + l 



F|i| ^ £ a ^ + 8 ^rrn . 



eft 



< 



m r. m 

II / F |i|( £ <*i*i + »i 
._ , 1 ./[-l,l] m - m l V ,1 



j=mi + l 



j=mi + l 



tft, 



where F^ l) = F is as in Definition [UJ and 1 = (£ mi +i, ■ ■ ■ Jm) e N m ~ mi satisfies 
lj > Sj and |1| > it + h- Since £ is supported in (—8, 8), the integrand of the last 
integral is zero unless 

m 

(4.7) 8 P 2 > 1 - | aktk + s i 

fc-mi + 1 
m 

>1- \ a k\-\si\ + (l-\tj\)\a j \>\a j \(l-\t j \), 

k—mi+l 



for all mi + 1 < j < m; that is, ^ < 8(1 — lijQ -1 for j = m% + 1, • • • , m. Also, 
recall that £ is constant near 0. Hence, taking the fc-th partial derivative with 
respect to tj, the £ part of </> is bounded by c(l — tj)~ k . So is the same derivative 
of the rji part of c/> since BJ 1 < (1 — t*)^ 1 in the support of r\' x . Consequently, by 
the Lebnitz rule, we conclude 



mi + 1 ' ' ' O rn t rn 



j=m 1 + l 



in the support of the integrand. Next, since p> n 1 and |1| > /i+ i, (|4.7[) together 
with (|4.4p implies 



PROJECTION OPERATORS AND CESARO MEANS IN WEIGHTED L p SPACE 13 



It follows that 



L 



i]' 



F |l|( ajtj+si) 



d^t) 



< cn-T-l'Ip-M-HHI J] 

j=mi +1 



j=mi + l 



f)t mi +if ...... ;v m f 

.£1 

4 (1 — tj) Si ~ li ~ l dt 



dt 



< cn-2- a o a -»-i 



n 

j=mi + l 



where a = X^7=m +1 ^j- Thus, since 



1 — t ■ 

Mt) = m n vo (-g^) (1 + - 1 2 3 ) 



2\rS,--l 



and r/o ("BJ^J i s supported in {t,- : 1 — Bj < \tj\ < 1}, integrating with respect to 
tx, ■ • ■ , t mi over [—1, l]™ 1 yields 

/« m 



,1] 

x ( 



B, 



(1 +*,-)(! -nr 1 -^ 



n 



i^i n 



i=mi+l 



j=l- / l--B 3 <|t 3 -|<l 



.7=1 



where we have used \aA i < 1 in the second step. This completes the proof. □ 
Using the relation between the Gegenbauer and the Jacobi polynomials, we have 



(2i-Vn) 2 



where£ = £1 or £o, and \a n \ <cti Ak+ 2. Hence, using the fact that c VyK P, 
S^(X K — |) for all »eN, Lemma [4731 has the following corollary. 

Corollary 4.4. For x,y E S d and j = 1, 2, . . . , L„, 



d+l 



Cn,i((x, •)) (y) < cn*-^-^-^ 2 J] (\x iyi \ + Vn 2 ) 



i=l 



Recall that c{w, 9) is a fixed spherical cap, 6 £ [n 1 ,tt] and 7 = 7 ro is defined in 
(|4.1[) . We are now in a position to prove the following i°° estimate: 
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Lemma 4.5. If f is supported in c(w,ff), then 



sup | Tl ,j v 
x£c{zu ,9) 



h 2 K {x)dw{x) ll/H 



\Y n , 3 (f)(x)\ < cn d ~ 1+2 ~<2~^+^6^ +d ' 

Proof. Note that if x £ c(m,9), then \xi — < \\x — m\\ < d(x,m) < 9 so that 
< \Xi\ < ||n7,| for 1 < i < v, and \xi\ < 56 for v + 1 < i < d + 1. It follows 
from Corollary |4.4l that. for any x, y € c(iu, i 



((*,•» (2/) 



d+l 



<cn d - 1 2--''( d - 1 )/ 2 ni^r 2 ' s ' 1 II n 2Ki *~ jKi 

i—1 i— v-\-l 

j=i 

< cn d - 1 2- : >^ + ^\ne) 2 '<e d \ [ hl{z)duj{z) 
where the last step follows from the relation (|2.17p . This implies that 
sup \Y ntj (f)(x)\ < sup / \f(y)\V K \c n>j {x,-)](y)h 2 K (y)My) 



x£c(zu ,9) 



< c^-l+272-^+^+d 



c(ro,6») 



ft 2 .(a;)ciw(a;) ||/|U,i 



□ 



which is the desired inequality. 

4.1.3. L 2 estimates. We prove the following estimate: 

Lemma 4.6. For any f e L 2 {h 2 K ; S d ) , 

||F„ ;i (/)|U, 2 <cn- 1 2^||/|U, 2 . 

Proof. For simplicity, we shall write £j — £i for j > 1. Also let A = A K in this 
proof. From (|2.5p and the definition of Y n j in (|4.3p . it follows that each F„ j is a 
multiplier operator, 

oo 

Yn,j(f) = J2m nj (k)proj k {h 2 K ;f) 1 

k=0 

where the equality is understood in a distributional sense, and 



m n j(k) := c H;k / C^(cost)Cfc(cosf)^- 



n 2 sin 2 t 



4?" 



sin 2A idt 



with |c n! fc| < cnk 2X + 1 . Hence, it is enough to prove 



(4.8) 



sup \m n j(k)\ < cn 2°. 



If k > then using the fact that Ksin^) C„(cos#)| < cn , a straightforward 
computation gives 



\m nJ {k)\ < |cn,fe| / C^co S t)C^(cost)^ 
'n 2 sin 2 A . 2 ] 



n 2 sin 2 t 
4?-i 



sin 2A t eft; 
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where the last step follows easily using the support of £j . 

For k < j, we shall use the following formula (cf. [1, p. 319, Theorem 6.8.2]), 



(4.9) 
where 



min{fc,n} 

C X (t)C X (t) = 



i=0 



a(i, k, n) :- 



(k + n + X- 2i)(A) i (A) fc _ 4 (A)„_ 2 (2A) fc+ „- 4 (k + n- 2i)\ 



(k + n + X- i)i\(k - i)\(n - i)\(X)k+ n -i (2A) fe+n _ 2 i 
For k < n/4, it is easy to see that 



\a[i,k,n)\ < 

(4.10) ~ (i + l) A - L (k-i + l) 

Consequently, it follows that for k < n/4, 



(i + l)(min{fc, n} — i + l)(fc + n — i + 1) 



k + n - 2i + 1 

A-l/;„ ■ i i\A-l 



A-l 



%nj{k)\ <cnk- 2X+1 J2( l + 1 ) X ' 1: 



X (k-i+1) 



A-l 



Cfc+n- 2l (COSi)£j 



n 2 sin 2 i 
4J" 1 



sin 2A t dt 



Then using the estimate (|2.18p we obtain 



max 

3n/4<m<5n/4 



ds 



m n fi{k) < cn 2X 

l\-\s\<cn- 2 

If j > 1, then for all f e N, it follows that 
'n 2 (l - s 2 ) 



(1 - |s|) A ~5 ds < cn 



d7 I* 



4J- 



(1 - S 2 ) A -3 



, 2J 
<c — 



2A-1-2C 



since 1 — s 2 ~ (— ) 2 in the support of £i; consequently, we obtain by integration by 
parts, flO) and (f2~T5| that 



f (jfe) < cn A+ 5- f x 



X max 

3n/4<m<5n/4 



n 2 (l-s 2 ) 



4J- 



(l-s 2 ) A -t ) 



< c2 3(A ^2 i n- 1 < c2 J ? 



upon choosing i > A, Thus, in both cases, we get the desired estimate 

2+2(7,, 
2+cr K 



□ 



4.1.4. Proof of Theorem \J1\ case I: 7 < a K - Recall v = 2 ? + 2 ^ K . We set, in 



this subsection, 



A := 



h 2 MMv)- 



Recall the decomposition (|4. 3[) . For a generic /, we set 

T n ,jf ■■= Y n ,j(fXc(tt,6))Xc(tt,6), < j < L n . 
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Clearly, if / is supported in c(zu,9) and x <E c(w,0), then T n> jf(x) = Y n jf(x). 
Using Lemmas 14.51 and 14. 6[ we have 

(4.11) \\T n ,jf\\oo < c^+'-^-^^W'A-l/Xc^jlUi, 

||r n>3 -/||„,2 < Cn _1 2 J ||/Xc(w,0)IU,2- 

Hcnce, by the Riesz-Thorin convexity theorem, we obtain 

(4.12) \\T nd f\\ K y < cn-^-^+^^ine^A'-iWfW^. 
On the other hand, using (|4~TTj) , Holder's inequality and (|2~T7| . we obtain 

\\T n<j f\\ K y < WTnjfW^A 1 ^ ^cn^-^-K^+^e^A-iWfxc^Wn,! 

(4.13) < cn- 1 2-i(^ 1+ ~<)(nd) 2 ~< +d A 1 -t\\f\\ K ^. 

Now assume that / is supported in c(zu, 9) and — — < 9 < for some 1 < 
jo < L n . Using (|4.3p and Minkowski's inequality, we have 

2 jo L„ 

\\p™] n (h 2 K ;f)x c (iv,e)\\ K y < ^2 \\Tn,jf\\ K ,u> + H T »,j/lk^' =: ^i +S 2 . 

j=0 3=2jo+l 

For the first sum Ei, we use (|4.12[) to obtain 

Si < C n- 1 (^)^A 1 -^||/|| K ,^2^ 1 -^+^^TT) 

since 7 < a K — readily implies that 1 — (^^- + 7) - 1 _ 1 > 0. For the second sum 
S 2 , we use (|4.13l) to obtain 

OO 

3=2.70+1 

< cn- 1 ^)^ 1 -^!!/!!^ < cti- 1 ^)^ 1 ^^ ii/n^ 

•Tk 2a k +1 1 _ 2 

where in the third inequality we have used the fact that n9 > 1. 

Putting the above together proves Theorem 14.11 in the case 7 < a K — . □ 

4.2. Proof of Theorem SHI case 2: 7 = a K - Recall that \zuj\ > 49 for 

1 < i < l^j I < 46* for v + 1 < j < d + 1, and 7 = 7^ = Y2j=v+i K J- ^ n ^ ms case i 
either v = 1 and = maxi<j<rf + i |ra7j| > ', or v > 2 and Ki = • • • = k v = 0. 
Therefore, by (|2.17p . we have 

h 2 K (x) dw{x) ~ 9 d (f[ \xuA 2 ^)e 21 ~ 6> 2<T « +1 . 

Hence, Theorem 14. II in this case is equivalent to the following proposition: 
Proposition 4.7. Let f be supported in c(m,9) with 9 e (n -1 , l/(8d)] and let 



2ct "±2 and := v Th 

V — 1 

proj n (/i«;/)Xc( ro ,e)|| K „, < cn | 



er K +2 ' I/-1 

!,2 
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" +X *^X KU \n 4-2, -2n^— 



G*(t) = (a K + 1)(1 - z)— -C A » (t)(l - < 2 + O 

Are 



To prove Proposition 14. 7| we use the method of analytic interpolation [15] . For 
zeC, define 

(4.14) 7?*/( s ) := (/ * K G z n ){x) = a K [ f(y)V K \G z n {{x, ■))] (y)h 2 K (y) du{y) 

Js d 1 J 

for x £ S d , where 
(4.15) 

From (|2.4p . it readily follows that 

For the rest of this subsection, we shall use c r to denote a general constant satisfying 
\c T \ < c(l + \t\Y for some inessential positive number I. 

4.2.1. Estimate jot z = 1 + ir. 
Lemma 4.8. For rel. 



K +1T /IU,2 < Crll/lka 



fc = 0, 



Proo/. From (|4TTI|) . ((4~T5j) and ([2~5]) . it follows that 
proj fc (^;^ +lr /) - J„(fc)proj fc (^ ;/)j 
where 

J„(fc) := 0(l)nfc- 2A «+V / C^" (cos t)C^ (cost) (sin 2 i + n- 2 )-^ +lT ' (sin i) 2A " * 



and r' = — cr " 2 +1 T. Therefore, it is sufficient to prove 



(4.16) 



\J n (k)\<Cr, Vfc,n£N, 



For k < j, (|4.16|) can be shown as in the proof of Lemma [4.21 In fact, using 
flUDand P~TU1) , we obtain 



|J„(*)| < c\r\n 



x max 

3n/4<m<5n/4 

which is controlled by 



c r + c r n A,t + 2 ^ max 

3n/4<m<5n/4 ( /_^_j_ n -2 



1-n" 



(A„-i-AA,-i-^), v 



4( (i " s2+ ^ r ' +,r ' (i ^ 2)i * 4 ) 



using integration by parts £ > X K times. This proves (|4.16[) for k < j. 

For k > j, (|4.16[) can be established exactly as in [T3] p. 54-55] (see also 
[P8] p.76-81]). For completeness, we sketch the proof as follows. Since C A (i) = 
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0(l)j A -2P. 



i JA-a-i), 



(t) and P^X-t) = (-l)^Pj"' p; (t), we can write 



J„(A;)=0(l)fc 





/• 4 ™ 1 


/ 5 ] 









p ^A K i,A„ ^) (cogi) 



<P^ K 2 " x " 2, (cost)(sm 2 t + n- 2 )-? +iT '(sint) 2X * dt 
Jn,i{k) + J„, 2 (£0- 



Since \Pj a,a \t)\ < cj a , a straightforward calculation shows |J n! i(fc)| < c r . To 
estimate J n ,2(k), we need the asymptotics of the Jacobi polynomials as given in 
[H P- 198],' 

pj a ' P) (cost) =7r-5 i7 -i(sin|)- a -5(cos|)- /3 -5 [cos(JV,-t + r Q ) + 0(l)(j sint)" 1 ] 



for j 1 < t < tt — j , where A/j = j 



and r Q = — ^(a + i). Applying this 



asymptotic formula with a = f3 = \ K — 1/2, we obtain, for k > j and 4n < t < ~, 

fc-^+l n ^ + lp^-5' A --5)( cos ^p ) (^-|.^-|)( cos ^ (sm ^2A ) « 

= 0(1) cos((fc - n)t) + cos((fc + n + 2X K )t - A k tt) + O 
using the cosine addition formula. Also, note that 



lit 



(sin 2 * 4- 



v sin^ t + n 2 
It follows that 



= t 



-l+2ir' 



+ 0(t)+0(n- 2 r 3 ) , 4tT 



7T 

< t < -. 

~ ~ 2 



I -7n,2(fe)| < C r + C T SUp 

£<=R 

< c T + c T sup 

a<6 



2r' 

6 



t -l+2ir' e M dt 



in- 1 



e lt dt 2lT ' 



<C T . 



This proves the desired inequality (|4.16[) for fc > f • 
4.2.2. Estimate jot z = it. 

Lemma 4.9. I/rel and / is supported in c(zu,9) then 

sup |n T /(aOI < Crn'-U/lli,,,. 

Proof. Since / is supported in c(tx7, 0), we have 



□ 



sup \Vl T (f)(x)\ < sup 

cGc(ro,6») 



\f(y)\\V K [GZ((x,-))] (y)\h 2 K (y)doj(y) 
<||/|| ll(t sup |V„ [GtT«aJ,-»] (»)| • 

x,y£c(zu ,0) 



Thus, it is sufficient to prove 



(4.17) 



for all x,y <E c(zu, 



We note that (|4.17p is trivial when K m i n = since in this case IjG^Hoo < <V 
c T n <Tre . So we shall assume K m i n > for the rest of the proof. 
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To prove (|4.17|) . we claim that it's enough to prove that 



(4.18) 



G^(at + s)(l-i 2 ) A '- 1 (l + i)^ 



< c T n° 



whenever \a\ > Ed > 0, \a\ + |s| < 1, 5 > K m - m , where c T is independent of s. 

To see this, let x, y € c(w, 0) and without loss of generality, assume vj\ = 
maxi<j<d+i \ttj\. Then rui > + d, which implies that \yi\ > l/yd~+T — 

6 > i/Vd+ 1 - l/(8d) > 0, so that \x iyi \ > e d > 0. Thus, invoking ([4~18f with 
a = x\yi, 5 = Ki and s ~ Ylj=2 tj x jVj gi yes 

d+l 



„1 d+l 



< c T n 



The desired inequality (I4.17| then follows by the Fubini theorem and the integral 
representation of V K in (12. 2p . This proves the claim. 

For the proof of (|4. 18|) , by symmetry, it is sufficient to prove 
-l 



(4.19) 



< c T n a ", 



where £ is a C°° function supported in [— |, 1], whenever \a\ > e<j > 0, \a\ + \s\ < 1 
and 6 > K m in- 

Let 770 G C°°(M.) be such that X[-±.±] < ?7o < X[-i,i]> an d let 7 7i(0 : = 1 — Voit)- 
Set, in this subsection, 



B := 



+ Vl-|a + s| 
4n 



We then split the integral in (|4.19[) into a sum Io(a, s) + Ii(a, s) with 



I 3 (a lS ) := j GZ{at + s) m 



1 - i 



(l-t) 5 -^(t)dt, j =0,1. 



It is easy to verify that 1 + ri\J\ — \at + s\ ~ 1 + n^J\ — \a + s\ whenever t £ 
[1 - 5,1] n [-1, 1]. Therefore, for 1 - B < t < 1, using (|2~T8l) . 



|G^(o* + s)| < cn K {rT l + y/l - \at + s\)- x " +a " < cn a "B- K —, 
which implies that 



\Io(a,s)\ < c 



<{1-B,-I} 

To estimate I\(a, s), we write 



\G^{at + s)\{\ ~t) d - l dt < cn^B 



1 - t 



G\l(at + S ) m 
where |c„| < c T n A ~ + ^ and 

tp(t) := (l - (at + sf + n 



(1 - i)* -1 £(t) = c n P, 



(at + s)ip(t), 



1-i 



Recall |et| > £d > 0. Using integration by parts i times gives 

-,(A re -i-«,A K -i-^) 



|A(fflj s)| < cn K+ 2 



P 



n+i 



(at + s) \<p&(t)\dt. 
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K-f < t < 1-5/2, then l-\at+s\ > l-|a|-|s|+(l-|i|)|a| > c(l-i) > cB > cn~ 2 
which implies, in particular, (l — (at + s) 2 + n~ 2 ) 1 < c(l — Since ip is 

supported in (—5, 1 — -§■)' which gives B^ 1 < (1 — t) -1 , it follows from Lebnitz' 
rule that 

\^ e) (t)\<c T (l-\at + S \)^(l-t) 5 - l -\ 
Therefore, choosing I > 26 and recalling that 5 > K m i n , we have by (|2.18[) that 



\h(a,s)\ < c T n x "- e I (l-lat + sD^'^il-ty-^dt 



< c T n x ^ e I "'"'(I - \a + s\ +u)^-^u s - 1 - e du. 



Using the fact that (1 - \a + s\ + u) a < c((l - \a + s\) a + u a ) we break the last 
integral into a sum J\ + J2, where 

J 1 <c T n x ^- e / (1- la + sl)^- -t-u'-i-'du 

I B\a\ 

< c r n x --\\ -\a + s\)^-^B s - e < c T n x ^ e n i - s (nB) s+ ^-^ 
= c T n x ^ s (nB) s - K ™"» < c r n K - s < e T n CTfc , 

and 

u^-^u 5 - 1 - 1 du < c T n x "- e B^-^ +6 

= c T n K - A (n 2 B) 1 *"^ (nB) & - K >™ < c T n x ^ 5 < c T n a *. 

Putting the above together, we obtain the desired estimate (|4.19p and complete 
the proof of Lemma 14.91 □ 



4.2.3. Proof of Proposition \4-7\ Define 

T z f = n°^-^V z n {fXc^M))Xc^M), < 5Rz < 1. 

By Lemmas 14.91 and 14.81 we have 

||T 1+iT /l| K ,2 <c T ||/|U, 2 and HrVlloo <c r ||/||i )K . 

These allow us to apply Stein's interpolation theorem [TSJ p. 205] to the analytic 
family of operators T z , which yields 

||T^/|U,„ < c\\f\\ K , u . 
Consequently, using the fact that 

we have proved Proposition 14.71 □ 



5. BOUNDEDNESS OF PROJECTION OPERATOR 

The objective of this section is to prove Theorems 13.31 and 13.41 
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5.1. Proof of Theorem 13.41 Assume that / is supported in a spherical cap 
c(zu, 6). Without loss of generality, we may assume 8 < l/(8d), since otherwise 
we can decompose / as a finite sum of functions supported on a family of spherical 
caps of radius < l/(8d). 

We start with the case p = 1. By the definition of the projection operator, it 
follows from the integral version of the Minkowski inequality and orthogonality that 

II P r °Jn (h 2 K ;f)\\ K ,2< sup / \P n (hlix,y)\ J hl(x)Mx)) 11/IU.i 

yec(zo,6) \Js d / 

= sup P n (h 2 K ;y,y)) ||/|| M . 

Using the pointwise estimate of the kernel in (|2.2ip and the fact that n6 > 1 , we 
then obtain 

d+1 

\\woi n (hl;f)\\ K , 2 <cn^ sup JJd^l + »~ 1 )~'* , ll/IU,i 

d+l 

Kcn^iney*-^ 1 sup Tt(IWil+^)"' ,, ll/ll«,l 



where the last step follows from (|2.17|) . This proves Theorem 13.41 for p = 1 . 
Next, we use Holder's inequality and Theorem 14. II to obtain 

||proj„(^;/)||2 2 = f f(y)pvoj n (hl;f)(y)hl(y)Mv) 



fhJf \woi n (hl;f,y)\ v 'hi(y)My)Y 



< 



'.■I T.»! 



2g„+2 



which proves Theorem 13.41 for p = v — 

Finally, Theorem 13.41 for 1 < p < v follows by applying the Riesz-Thorin con- 
vexity theorem to the linear operator g i— > proj„(/i^; gXc{tu,e))- D 

5.2. Proof of Theorem l3.3l Theorem l3.3l (i) follows directly by invoking Theorem 
14.11 with 9 — ir. Theorem 13.31 (ii) follows from the Riesz-Thorin convexity theorem 
applied to the boundedness of / i— > proj n (/i^; /) in (2,2) and in (y, 2). 

We now prove that the estimates are sharp. We start with a duality result whose 
proof is standard: 

Lemma 5.1. Assume l<p<2<q<oo and i + i = 1. Then the fallowings are 
equivalent: 

(i) ||projJ/4;/)|| M <.4||/|| fe>p , 

(ii) |jproj n (/£;/)|| fc ,, < A\\f\\ k , 2 . 

To prove the sharpness of the estimates, we can assume without loss of generality 
that K m in = K\. For the case Theorem 13.31 (i) we define 

f n (x) :=P n (h 2 R ;x,e), e = (1, 0, 0, . . . , 0). 
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Since /„ € H d n +1 {hl), we have 

I|proj„(^;/„)IU, ? - ll/„IU, 9 = ( j \P n (hl;x,e)\ihl(x)du(x) 
Thus, it is sufficient to show that 

(5.1) ||/„lk g ~n ff *-^||/|U >2 toiq>%Z*±H. 

Indeed, setting p = q/(q — 1) and using Lemma (|5.ip shows that 

2a- K +l 



l|projJ^;/ n )||^2~c^-^||/ n |U, p = cn (2 ^ +1 ^^^Ty||/ n || K , p , 

which proves the sharpness of (i). 

Recall that Cn (t) denote the generalized Gegenbauer polynomial. It is con- 
nected to by an integral formula, which implies by (| 1 . 5[) that 

P n (hl;x,e) = ?±^C^(x 1 ). 
Afc 

Hence, using (|2.11[) . in terms of Jacobi polynomials we have 

(5.2) P2n(hl;x,e) = ©(lK^P^^^ 2 - 1). 

Since this is a function that only depends on ii, a standard changing variables 
leads to 

i 

||/2n|k, ~ rf« + * QT |pi CTfc "^ Kl "^(2cos 2 - l)|"|cos0| 2Kl (sin0) 2 ^^ ' 
„n**+i (^J \P^~^ Kl -^\t)\^w^-h^-k){f)dt S j 



1/9 



where in the last step we have used (I2.19[) and the condition q > 2(erj, + l)/u K > 
(2ak + l)/c K to conclude that the integral on [0, 1] has the stated estimate, whereas 
the integral over [—1,0], using Pn° (t) = Prf ,a \—t), has an order dominated by 
the integral on [0, 1]. For q — 2, using (|5.2[) . we get 

H/anlU,a = (P2n{h 2 K ;e,e)Y ~n CT *. 



Together, these two relations establish (|5.1|) for even n. The proof of the odd n is 
similar. □ 

Remark 5.1. For the ordinary spherical harmonics, the sharpness of part (ii) in 
Theorem 13.31 was proved in [14] with the help of the function (x\ + ix^}" 1 ■ For 
/i-harmonics, it is then natural to consider the function 

F n (x):=V K [(x 1 +ix 2 ) n }, xeR d , 

where V K is the intertwining operator associated with h 2 K and Zf. Since the Dunkl 
operator commutes with V K , so is the /i-Laplacian, which leads to AhV K {{x\ + ix2) n ] : 
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V K [A(xi + ix2) n ] = 0, proving that F n (x) is an /i-harmonic of degree n. Further- 
more, since V K is a product form, it follows from [lOl Prop. 5.6.10] that 

F n (x) =a n {x\+xl) n l 2 



where a n is a constant given explicitly in [10] and S n = 2k 2 if n is even and 5 n = 
if n is odd. This explicit formula allows us to compute the norm ||.F n || re! p explicitly. 
For example, using [101 Lemma 3.8.9], we have immediately that 

F n (x)\*h a K (x)Mx) = I |J , »(ar)nx 1 | 2Kl |x 2 | 2K3 (l-||x|| 2 )l' t l- Kl - K3 +^da ;i da ;2 , 

where, since F n depends only on (xi,a; 2 ), we have abused notation somewhat by 
using F n (x) in the right hand side as well. The above integral can then be evaluated, 
by (|2.1ip and in polar coordinates, by using (|2.19p . The result, however, does not 
yield the sharpness of (ii) in Theorem 13.31 when k =/= 0. 

6. BOUNDEDNESS OF CESARO MEANS 



In this section we prove Theorems l3 . 1 I and l3 . 21 By the standard duality argument, 
it suffices to prove these theorems for 1 < p < 2. We shall assume 1 < p < v := 
2,1 ' ' 2 and 6 > 8 K (p) for the rest of this section. 



Qk+2 



6.1. Proof of Theorem 13.11 We follow essentially the approach of [15] . although 
there are still several difficulties that need to be overcame. 

6.1.1. Decomposition. Let ipo <E C°°[0,oo) be such that X[o,i] < ¥>o < X[o,2]> an d 
let (p(t) := tpo(t) — (po(2t). Clearly, ip is a C°°-function supported in (|,2) and 
satisfying Y^L v{2 v t) = 1 for all t > 0. Set 

we define 

n 

S 5 n ,J ~ J2 KvU) P^ihl; f), v = 0, 1, • • • , Llog 2 nj + 2. 

j=o 

Since E!,'°o 2 " J+2 ^ ( 2 " ( „~ j) ) = 1 for < j < n - 1, it follows that the Cesaro 
means are decomposed as 

Llog 2 nj +2 

(6.2) S s n (h 2 K J)= Y, Sl v f+-^ W oiJhl;f). 

v=0 « 

Using Theorem 13.31 and the fact that S > 5 K (p), we have 
-L\\ W oj n (hl;f)\U P < ™~ S \\ Proj„(^;/)|U,2 < cn s ^- s \\f\\ K , p < c\\f\\ K , p . 
On the other hand, using summation by parts I > 1 times shows that 
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where A denotes the forward difference and A e+1 := AA^. Since S^ v (j) = 
whenever n — j > o¥=t or n — j < ^irr i it is easy to verify by the Lebnitz rule that 



(6.3) 



nil 

< C 2-" 5 f - 
n 



w g n, o < j < n. 



Hence, choosing £ > A re and using the fact that S„(h%; /) is bounded in L p (h^; S d ) 
for all 1 < p < oo if £ > X K , we conclude that for u = and 1, 

n 

\KJ\\ K , P < cn-^^Vf 1 ^^ ^ c Wf\L P - 

Therefore, by (|6.2[) . it is sufficient to prove that 
(6-4) \K v (f)L,P<a- ve °\\fL, P , « = 2,---,Llog 2 nJ+2, 

where £o is a sufficiently small positive constant depending on 6 and p, but inde- 
pendent of n and v. 

6.1.2. Estimate of the kernel of v . Let 



3=0 



The definition shows that S^ v f = f * K D & n v , so that the kernel of S^ v f is defined 

by 

Ki >v (x,y) :=V K [D s n>v ({x, -))](y). 
Lemma 6.1. Let 2 < v < \\og 2 n\ + 2. Then for any given positive integer £, 

\K s n)V (x,y)\h 2 K (y) < cn d 2^-^ (1 + nd(x, y))-^^ 1 , 
where z = (|zx|, • • • , \z d+1 \) for z = (z 1: ■■■ , z d+1 ) G R d+1 . 
Proof. We first define a sequence of functions {a Iljt , i £(-)}^ by 

(j) a n ,v,t{j + 1) 



a n ,v,e+i(j) 



£>0. 



2j + 2X K +£ 2j + 2\ K +£ + 2' 
Following the proof of Lemma 3.3 of [H p. 413-414], we can write, for any integer 
£ > 0, 



(6.5) 



3=0 



so that 



v* ( ,\ / ., T(j + 2\ K +£) ^ 



3=0 



Note that a niVi i{j) = if j + £ < (1 — ^hr) n or j > (1 — o^) 71 ' so that * ne sum 
is over j ~ n. Furthermore, it follows from the definition, (|6 . 3|) and Lebinitz rule 
that 

i+l 



(6.6) 



A l a„^£(j) 



-•ui5„-f+l 



< c2" , "'n 



M = 0,1,--- 
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Consequently, using the pointwise estimate of (I2.20|) . it follows by (|6.6p that 

\K S (x v)\ < cn 2 ^ 2 *- 1 - 2 ^ V k ^[ IlSfe^ + n ~ H ^ V) ± 
\K ntV {x iy) \Scn 2^ \ a n,vA3)\ (l + nd(x,y))^+ l -\-\ 

< cn d 2 v(i-i^) ^tl(\xjy ] \+n- 1 d(x,y) + n- 2 )-^ 



(l + nd(x,y)) x - +i -\ K \ 
< cn d 2^-^h-\y) (1 + nd(x, y))^^ , 
where in the last inequality we have used the fact that 

d+l 

H(\x j y j \+n- 1 d(x ) y)+n- 2 )-^ <ch- 2 (y)d(x,y)^, 

3=1 

which follows since if \yj\ > 2d(x,y), then \xj — y~j\ < d(x,y) < \yj\/2 so that 
\yj\ 2 < 2\xjyj\, whereas if \yj\ < 2d(x,y) then \yj\ 2 < 2(n~ 1 d(x,y)) -nd(x,y). This 
completes the proof of Lemma 16.11 □ 



Corollary 6.2. For any 7 > there exists an Bq > independent of n and v such 
that 

sup / \K s ntV (x,y)\h 2 K (y)My)<c2- ve °. 

Proof. Invoking Lemma fBTTI with £ > X K + 1 + x "~ s , we see that the quantity to be 
estimated is bounded by 



c sup n d 2< 1 - 1 -^ / ..,_ L . . duj(y) 

xes* J{y. 4x, 5 )>2(i+7)»/n} i 1 + nd{x,y)) «+ ax " 



1+T)V „ {l+ndy+ d -^- 1 

which proves the corollary. □ 
6.1.3. Proof of (|6.4|) . Now we are in a position to prove (|6.4|) . Recall that 
(6-7) S 5 n J= ^(jjproj,. (/£;/). 

(l-2-« + 1 )n<j<(l-2-«- 1 )n 

Assume 6 > S K (p), and let 7 > be sufficiently small so that S > 5 K (p) + 
7 {$n(p) + 5)- Set v% = v(l + 7). Let A be a maximal ^--separable subset of S d ; 
that is, min ro ^ CT / e A d(w, w') > 2— - and S d C U roe Ac(n7, 2 -^-)- Define 

U(x) := /(a;)x c(a7 ^(aO^x)]" 1 , >4(x) := ^ X c(w ,32.)(a?)- 

Then evidently 1 < A{x) < c, 1 € S d , |/ ro | < c|/|, and f(x) = £ roeA Asfr)- Usin S 
the Minkowski inequality, we obtain 

\\s s n jf)\Up < E \Kv(f*>)\\«*- 

Thus, it is sufficient to show that for each w € A, we have 
(6-8) (U)\\ K , P <c2-™ °\\U\\ K , P . 
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To this end, we denote by c*(zu, 2 Vl+1 /n) the set 

c*(ro, 2^ti) = {x e S d : d(x,w) < T 1+1 /n} 

and further define J(v,n) := {j : (1 - 2~ v+1 )n < j < (1 - 2-' u - 1 )n}. Using (|577|) 
and orthogonality, we obtain 

jEJ(v,n) 

Hence, by Holder's inequality, Theorem EH and (|2"T7|) . and {53]) with I = 0, 

<c(/ ^(xjdw^))*"^ £ I^L0-)| 2 ||proj,(^;/ ro )|| 2 K , 2 

W c ( ro , 2 * I+V „) ' \. e ^ n) ' 

<ca*<'»w+*> n -*( £ |^(j)| 2 )*||/ ro |U, p 

< c2 -v(S-S K ( P )-y(S K{p )+l))y^ p = ^-veo || ^ || ^ 

Finally, using Holder's inequality, we obtain, for x (£ c*(zu, 2 Vl+1 /n), 
K v (U)(x)\ p = f Uy)K 5 n Jx,y)hl(y)My) P 

J{y:d{tt,y)<2»i/n} 

<([ \U(v)\ p \Kv(*>v)\%{v)Mvj) 

V{ y: d(y,x)>2"i / n } / 



'{y: d(y,2)>2"i/n} 

which, together with Corollary 16. 2i implies 



\K 5 n Jx,y)\hl(y)Mv)] P ' < 



( \S s niV (U)(x)\ P h 2 K (x)Mx)Y 

v Js<i\c*(ro,2''i+ 1 /ra) ' 

<c(2- OB ») 1 -5 sup(/ Kj^y)!^^)^^)) 5 !!/^!!^ 

yeS d v J{a;: d(x,§)>2 v i /n) ' 



<c2-" e »||/„|U J> . 

Putting the above together, we deduce the desired estimate (|6.8p . hence 
and complete the proof of Theorem 13.11 □ 

6.2. Proof of Theorem 1331 

6.2.1. Main body of the proof. For the proof of Theorem l3.1l we follow the approach 
in [5] , which can be traced back to [T2] . We start with the following lemma. 

Lemma 6.3. If Q is a polynomial of degree n on M. d+1 , then for 1 < p < oo, 

IIQHoo := max \Q(x)\ < cnP"" +1> >lv\\Q\\ K , p . 
xes d 
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Proof. Let SVi(/i 2 ; f) denote the partial sum operator of the ^.-harmonic expansion. 
Then S n (h 2 K ; Q) = Q. The kernel of S n (h 2 K ; f) is 

n 

K n (h 2 K ;x,y)=J2 P k(hl;x,y), P k (h 2 K ; x, y) = ]T Yf{x)Y*{y), 

k=0 j 

where {Y^}j forms an orthonormal basis of H^ 1 (h 2 .) . If y € S d and \yi\ = 
max i<j<d+iyj, then \yg\ > + 1. Hence, the pointwise estimate of (|2.21[) 

implies that |P„(/i 2 ; x, a;)| < cn 2tTK . By the Cauchy-Schwarz inequality, we obtain 



\K n (hl;x,y)\ <J2 P k{hl;x,x)ip k (h 2 K ;y,y)i <c^fc 2 ^ < cn 2 



,2(^ + 1 

k=0 fc=0 

Consequently, we conclude that 



|Q||oo = ||S„(/&Q)|| 



a« / Q(y)K n (h K ;x,y)h K (y)duj 
S d 



<cn* r " +1 \\Q\\ H , 1 . 



Furthermore, we clearly have ||Q||oo < IIQIloo, and the case 1 < p < oo follows 
immediately from interpolation of these two cases. □ 

Proof of Theorem \3.2\ Our main objective is to show that 
(6-9) sup||^(/4;/)|U, p <c||/|| fc , p 

does not hold if 1 < p < -^f^j or p > Let 

2a K + l Pl 2a K + l 

Pi '■= f" an " Si " 



Pl - 1 <7fc + 1 + <5 

It is sufficient to prove that (|6.9p does not hold for pi, since it then follows from 
the Riesz-Thorin convexity theorem that (|6.9|) fails for Pi < p < oo and that (|6.9|) 
fails for 1 < p < qi follows by duality. 

Let e & S d be fixed. Define a linear functional : L p i— » M. by 

?<5/f,2. /• „\ / /v„.\7^<5/>2 



T*/ := S a n (K;f,e) = a K / f{x)K^x,e)hi{x)du{x). 

Js d 

Since this is an integral operator, a standard argument shows that 

Pt\\*„ = \\K(hl\ x, e)\\ K , q , - + - = 1, 

p q 

where ||T*|U, P = sup^^ =1 |T*/|. On the other hand, by Lemma IOI if (p^)) 
holds, then we will have 

\T^f\ = \Si(hl-J,e)\<\\S s n (h 2 K -J)\\ K , 00 

< OT (2a ( . + l)/p|| (S * (/i a ;/) | Uip < OT ( 2 a ( . + l)/ P || / | Uip< 

Consequently, the above two equations show that we will have 

(6.10) \\K s n (hl;;e)\\ K , q <cn^ +i y?, - + - = 1. 

p q 

To complete the proof of Theorem l3.2l we show that (|6.10[) does not hold for p = p\. 

For this purpose we use the explicit formula for Kf t (h 2 ;x, e) for e = ej (see, for 
example, dJ), where ei, . . . , ed+i denote the usual coordinate vectors in 

Kn( h lix,ej) := K^wx^-Kj^hxj), 
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where K^(w\ tfl ; s, t) denotes the (C, S) kernel of the generalized Gegenbauer poly- 
nomials with respect to the weight function (|2.10p . Hence, we have 

\ K n{h\-,x,ej)\ q h 2 K {x)<kj{x) = c J \Kn{w\ K - Kj , Rj ; l,t)\ q wx„- Ki , Kj (t)dt. 

Consequently, choosing j such that Kj = K min , we see that the proof of Theorem 
13.21 follows by applying Proposition 16. 41 below to a = o K and /i = n m - m . □ 

Proposition 6.4. Letw a ^ be the weight function in (|2. 10[) and a > [i > 0. Define 



*» >9 K,/..«) == J KK, m ;M)I 9 «V,m(*M*- 
Then for qi = and Px = ^-, 

< gi K,^,l) > < gi K, CT ,0) > cn^+^feM logn. 
The proof of this proposition is given in the following subsection. 

6.2.2. Proof of Proposition \ 6.4\ The case of q = 1 and 5 = tr has already been 
established in [51 [TT] . We follow the approach in [5] and briefly sketch the proof. 

Using the sufficient part of Corollary 13. 7i we can follow exactly the deduction in 
PU P- 293] to obtain 



(a4-/*+«+£,<H-ft-4) . 



<IL 



t 2ti (\-t z y-^dt + o{i). 



As a result, we see that Proposition 16.41 is a consequence of the lower bound of a 
double integral of the Jacobi polynomial given in the next proposition. 

Proposition 6.5. Assume a, /i > and < 5 < a + /i. Let a = a + fj, + S, 

b = <t + fj, — 1 arte? gi = 2 j T 1 + , L . i . Then 



(6.11) 



> cn - ^ 1 ^ logn. 



t 2 "(i - t 2 y~ l / 2 dt 



Proof. Denote the left hand side of (|6.11|) by I n , qi - First assume that < fi < 1. 
Following the proof of [5J , we can conclude that 

i.tt/4 



where 



-91/2 



r/4 



|M n ( ( /»)|« 1 (sin ( /») 2CT #-0(l)^ n , 9l , 
(cos 2 - cos 2 fl)^ 1 



(sin f)^ 1 (cos f)^ 1 



-de 



(sin < 



and M n {4>) := K n {4>) + G n (4>) satisfies 

K n ((f>) > cn->*(j)-' J - s - 1 (1 + cos(27V</> + 2 7 )) , 

for a sufficiently small absolute constant e > 0, where N = n + 
7 = — f (a + 1 — /^), and 

|Gn(<£)| < cn- 1 ^-*- 5 - 2 , n' 1 < <j> < tt/4 



n- -1 < </> < e, 

q+fc 
2 



1 and 
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From these estimates and the fact that qi(cr + 1 + 6) = 2a + 1, it follows that 
|^„(0)| 9l (sm</>) 2<T d</>> cn- mi f ( /) 2a '" 11 ^ +1+s \l + cos(2N(/> + 2j)) qi d(/) 



+ cos(2iV</> + 2i)) qi d<t> > cn- mi logn, 

where in the last step we used (1 + A) qi > 1 + qiA for A e [—1, 1] and the fact that 
/ _i cos(2N(f) + 2^))d(f> < c upon using integral by part once. Furthermore, 

\G n {(j))\ qi (sin 4>f a d<\> < cn- qi f 2ff +^-^-5-2) d 



Together, these estimates yield that for < fi < 1, 

mt/4 

|M„(0)| 9l (sin</!>) 2CT # > cn _9l "logn. 
Moreover, the remainder £J n>gi term can be estimated as follows 



E n , qi < cn 



-391 



tt/4 



in- 1 



7T/4 

Qi 1 - a - 2 (6-6Y- 1 d9 



1 91 



where in the second step, we divided the inner integral as two parts, over [0, 20] 
and over [20, 7r/2], respectively, to derive the stated estimate. 

Putting these two terms together, we conclude the proof for the case < u < 1. 
The case = 1 can be derived similarly upon taking an integration by parts for 
the inner integral in (|6.11[) . The case u > 1 reduces to the case < fj, < 1 upon 
taking integration by parts |_A*J times as in [8]. □ 

7. Proof of theorems on the ball and on the simplex 
7.1. Proof of results on the unit ball. Under the mapping (f> : x S B d i— > 



(x, \J\ — ||x|| 2 ) G Sf in (|2.7[) . orthogonal polynomials with respect to Wf? in ()2.6|) 
can be deduced from /i-spherical harmonics that are even in Xd+i- Moreover, the 
connection (|23)l shows that the (C, 5) means S^{W^;f) is related to S s n {h 2 K ] F) by 

S£(W,f ; /, x) = S 5 n (h 2 K ; F, X), X := (x, ^1 - pjj*), 



where F(x,a;d + i) := /(x) for x £ B d and (x, Xd+i) € S" 1 . Consequently, by 
Theorem 13.51 with £1 = follows immediately from Theorem 13.11 

The proof of Thereom 13.61 follows almost exactly as that of Theroem 13.21 We 
have in this case (pi] P- 287-288]) 

K n (W^;x,ej) = K^wx,,-^,^; 1, Xj), 1 < j < d, 

K n (W*;x, 0) = K s n (w kd+uXK . Kd+1 ; ||z||,0). 

Hence, by (|2 . 8[) . we can again reduce the proof of Theroem 13.61 to the lower bound 
of g (io CT!jLl , 1) and <&^ g (w M:(T , 0), which follows again from Proposition 16.41 
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7.2. Proof of results on the simplex. 

7.2.1. Projection operator. Under the mapping ip ; x € T d i— ► (x\, . . . ,x^) € B d . 
orthogonal polynomials with respect to W% on T d and those with respect to W% 
on B d are related. In particular, we have the connection between proj n (M^J; /) and 
P ro i2n(W / ff I /° VO given in (|2.15|) . from which the result on the projection operators 
can be readily derived. 

In fact, if || proj n (W K B ;/)|| W ' ( B !P < A n \\f\\ W B. p , then by (|23g| and (|2~T4|, 

II P r oj n (Wj; /)||h/J; P = II proj„(Wj; /) o i/)\\ W B. p 



2 <i 



tB. 



< l|proj 2n (H^;/oV)|| W B. p 

< A 2n ||/ot/)|| w -B. }) = A 2n ||/||vKJ;p, 

from which Theorem 13.81 for fi = T follows immediately from the case fi = B. 
Furthermore, since the distance dr{x : y) on T d is related to the geodesic distance 
on S d by 

d T {^{x),^{y)) = d{X,Y), X=(x, Vl-||x|| 2 ), Y= (j/,Vl-|MI 2 ), 
from (|2~5|) and (|2"TT3|l it follows readily that 



c T {x,8) Jc(X,9) 



where X = f y^T, • • • , ^/xd, yj\ — \x\\ . Consequently, we conclude that Theorem 
follows from Theorem [ 



7.2.2. Cesdro means. Since the connection (|2.15|) relates the projection operator of 
degree n for Wj to the projection operator of degree 2n for Wjf , we cannot deduce 
results for the Cesaro means S^(Wj; /) from those of S^(W^;f) directly. We can, 
however, follow the proof of the theorems for the /i-harmonics. Below we give a 
brief outline on how this will work out. 



Proof of Theorem \3.5\ with Q = T. We follow the decomposition in the subsection 
6.1.1 to define 

n 

S 5 n , v (WZ; /) = £ KvU) Proj^Wj; /), v = 1,2, . . . , Llog 2 n\ + 2. 

3=0 

The same argument shows that it suffices to prove the analogue of (|6.4p . 
(7.1) \\S 5 ntV (WZ;f)\\ WItP <c2- vs \\f\\ W T. p) u = 2,...,Llog a »J+2. 
Denote the kernel of S^ V (W^; f) by K s nv {W^; x, y). Then we have by (j2~TB"j) that 

r d+l 

K s n jW^ 1 x,y):=c K / 2z(x,y, tf - 1) JJ(1 - t^^dt 



where 



DUW T K -,t)-.= ±SUi) { ^ 
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Consequently, define analogues of a n , v ,i by 

a n,v,i+l(j) 



(J) (j + 1) 



2j + 2\ K +l 2j + 2\ K + I + 2 
we can then write, again following the proof of Lemma 3.3 of [4], that 

f^o r(j + A K + 2) 

The estimate (|6 .€>[) holds exactly for a niVl t(J). Thus, to follow the proof of Lemma 
16.11 we need to estimate 



r ii d+1 

(7.2) / P^ +e -^-^(2z(x,y,t) 2 -l)l[(l-^r- 1 dt. 

J [-1,1]*+! Z-i 

3 (a,-l/2)/ .2_ 1 \ „„„ Ko „~U+ D r, Jr, f^o „f p(«>°0 



Using the fact that PA"' 7 ; (2t 2 — l) can be written in terms of Pk a,a> ([HI (4.1.5)]), 
we can estimate (|7.2p again by Lemma [2.201 The result is 

y)| [tUj(y)]- 1 < cn^" 1 " 5 ) (1 + y))"^-^ 1 , 

which implies that the analogue of Corollary 16.21 holds: that is, for any 7 > there 
is an £0 > such that 

sup f \K, hV (W^;x,y)\W^(y)dy<c2-^. 

x£T d J {y.d T (x,y)>2( 1 + v > n t /n} 



In order to prove (|7.1[) . we then define A to be a maximal separate subset of T d 
exactly as the one we defined in Subsection 6.1.3, except with d(w, w') replaced by 
dx{x,x'). Define 

f y (x) := f(x)x CT(Vt 2^ ) (x)[A(x)]-\ A(x) = ^ X CT(Vt s^)(x). 

yGA 

Then the same argument shows that it suffices to show that 

\K v (WZ;fy)\\ W T, p < C2— °\\fy\\ W T. p . 



This last inequality can be established exactly as in (|6 . 8[) and there is no need to 
introduce the additional set c*(zu, ff). □ 



Proof of Theorem \3.(h We first note that the analogue of Lemma [6731 holds ; that is, 
for 1 < p < 00, 

HQIU := max \Q(x)\ < cn^ +1 ^ \\Q\\ w t 

x£T d 

for any polynomial of degree n on R d . Furthermore, following the proof of Theorem 
13.21 it is sufficient to prove that 



(7.3) WKfrW?; ; y)\\ K , q < cn^ +1 ^, I + I = 1, 

where y € T d is fixed, does not hold for p — p\ := 2 ° K ^l ■ To proceed, we then 
express K^(W^) in terms of the kernel for the Jacobi polynomial expansions ( |11[ 
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p. 290]) 

K* n (WZ;x, ej ) = K s n (w^-^-i^-^;l,2 Xj - l) , 1 < j < d, 
K s n (W^; Xl 0) = K 5 n (w^-i-h^-i). i, i _ 2 |x|) , 
from which we can deduce by changing variables that 
/ \K s n {W^;e j ,y)\ q W^(y)dy 

JT d 

for 1 < j < d, and also for j = d+ 1 if we agree that e^+i = 0. As a result, we have 
reduced the problem to that of Jacobi polynomial expansions, so that the desired 
result follows from [5J. □ 
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